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Violation of time reversal and spatial inversion
symmetries has profound consequences for ele-
mentary particles and cosmology. Spontaneous
breaking of these symmetries at phase transi-
tions gives rise to unconventional physical phe-
nomena in condensed matter systems, such as fer-
roelectricity induced by magnetic spirals, electro-
magnons, non-reciprocal propagation of light and
spin waves, and the linear magnetoelectric (ME)
effect – the electric polarization proportional to
the applied magnetic field and the magnetization
induced by the electric field. Here, we report the
experimental study of the holmium-doped langa-
site, HoxLa3−xGa5SiO14, showing a puzzling com-
bination of linear and highly non-linear ME re-
sponses in the disordered paramagnetic state: its
electric polarization grows linearly with the mag-
netic field but oscillates many times upon rota-
tion of the magnetic field vector. We propose a
simple phenomenological Hamiltonian describing
this unusual behavior and derive it microscopi-
cally using the coupling of magnetic multipoles of
the rare-earth ions to the electric field.
Introduction: Novel materials and physical effects are es-
sential for the continuing progress in nanoelectronics [1].
The coupling between electric and magnetic dipoles in
magnetoelectric and multiferroic materials enables elec-
tric control of magnetism that can significantly reduce
power consumption of magnetic memory and data pro-
cessing devices [2–6].
The linear ME effect [7–9] occurs in centrosymmetric
crystals, such as Cr2O3 [10] and LiCoPO4 [11], in which
both time reversal and inversion symmetries are spon-
taneously broken by an antiferromagnetic spin ordering
inducing toroidal, monopole and other unconventional
multipole moments [12]. This effect allows for control
of antiferromagnetic domains and gives rise to unidirec-
tional light transmission at THz frequencies associated
with electromagnons [13–15].
However, the linear ME effect in centrosymmetric crys-
tals requires a perfect match between magnetic and lat-
tice structures, which narrows the pool of ME materi-
als substantially. Symmetry requirements are less strin-
gent for magnets with chiral crystal lattices, such as bo-
racites [16], copper metaborates [17] and the skyrmion
material, Cu2OSeO3 [18], in which diverse magnetic or-
ders exhibit magnetoelectric behavior.
A bi-linear ME effect – electric polarization propor-
tional to the second power of the applied magnetic field
– does not even require time-reversal symmetry breaking
and can occur in the paramagnetic state of chiral magnets
through a variety of miscroscopic mechanisms[19, 20].
This higher-order effect is by no means weak: the
magnetically-induced electric polarization in the recently
studied holmium hexaborate is much higher than the po-
larization of linear magnetoelectrics at comparable mag-
netic fields [21].
The Ho-doped langasite studied in this paper does not
seem to fit into this classification of ME effects. Lang-
asite, La3Ga5SiO14, and related compounds have been
synthesized as early as the 1980s [22, 23] and actively
studied since then [24] for their interesting non-linear
optical, elastic and piezoelectric [25, 26] properties and
applications in acousto- and electro-optics [27, 28]. The
non-centrosymmetric crystallographic space group P321
of langasites allows for optical rotation and piezoelectric-
ity, but not for spontaneous electric polarization due to
the presence of orthogonal three-fold and two-fold sym-
metry axes. The study of magnetoelectric properties
was focused on Fe-substituted langasites showing non-
collinear periodically modulated orders of Fe spins [29].
The interplay between magnetic frustration, structural
and spin chiralities gives rise to a rich variety of multi-
ferroic behaviors [30, 31].
The Ho-doped langasite does not order down to low-
est temperatures. Yet, its magnetically-induced elec-
tric polarization oscillates 6 times when the direction of
the magnetic field rotates through 360◦ in the ab-plane,
which is indicative of a highly non-linear magnetoelec-
tric response proportional to (at least) the sixth power
of the magnetic field. On the other hand, the magnitude
of the induced polarization grows linearly with the ap-
plied field, which seems to be at odds with the absence
of any magnetic ordering in this material. This magne-
2toelectric behavior is very different from that of classical
magnetoelectrics, such as Cr2O3. We show that it can be
understood on the basis of langasite symmetry and a hi-
erarchy of energy scales in the spectrum of the magnetic
Ho ion.
Results: The samples used in this work are diluted rare-
earth langasites, HoxLa3−xGa5SiO14, with x = 0.043 ±
0.005. The crystal structure of R3Ga5SiO14 langa-
sites [32] is shown in Fig. 1a. The rare-earth sites, R, have
a rather low C2 symmetry with the rotation axis along
the a-axis of the crystal, allowing for electric dipole mo-
ments on R-sites, which in the case of magnetic Ho ions
can depend on an applied magnetic field.
The field-dependence of magnetization (Fig. 1b) shows
saturation at fields ∼ 1 T at low temperatures, which
suggests that the magnetism of Ho3+ (5I8) ions in lang-
asites is dominated by the two lowest-energy levels split
by the crystal field from other states of the J = 8 mul-
tiplet. The level splitting in this so-called non-Kramers
doublet, ∆, is estimated to be 3.1K. As discussed be-
low, based on symmetry arguments and magnetization
fits, the Ising-type magnetic moments of Ho-ions are ori-
ented perpendicular to the local symmetry axis, i.e. in
the XiYi plane, forming an angle γ of ∼ 30
◦ with the
crystallographic c-axis (Fig. 1b).
Figure 2 shows the angular dependence of the electric
polarization along the c-axis, Pc, for the magnetic field
vector, H, rotated in the ac- and ab-planes. The com-
plex angular dependence is indicative of a high-order ME
effect resulting from the C3 symmetry of langasite. Al-
though the expansion of the magnetically-induced elec-
tric dipole of the Ho-ion in powers ofH begins with terms
∝ H2, the bilinear ME effect is cancelled in the sum over
the dipole moments of the Ho dopants in the three La
sublattices.
The lowest-order phenomenological expression for Pc
allowed by C3 and C2 symmetries is
P (4)z = α(T )HxHz(H
2
x − 3H
2
y ), (1)
where we use the Cartesian coordinates with xˆ = aˆ,
yˆ = bˆ∗, zˆ = cˆ and α(T ) is a material constant. Fourth-
order ME effect in crystals with trigonal crystal symme-
try was discussed earlier [33–35]. Equation (1) implies
that Pz ∝ sin
2 θ sin 2θ cos 3ϕ, where θ and ϕ are, respec-
tively, the polar and azimuthal angles describing the mag-
netic field direction. This angular dependence is in good
agreement with the results of experimental measurements
at high temperatures shown in Fig. 2a, whereas at low
temperatures the experimental θ-dependence becomes
more complex, indicating substantial higher-order con-
tributions to the ME effect.
The fourth-order ME effect described by Eq. (1) gives
zero electric polarization for a magnetic field in the basal
ab plane. However, the experimentally measured electric
polarization shown in Fig. 2b is of the same order as that
for out-of-plane fields. The electric polarization shows a
periodic dependence on the azimuthal angle, ϕ, with the
period of 60◦ apparently resulting from a sixth-order ME
effect. The lowest-order expression for the electric polar-
ization induced by an in-plane magnetic field is, indeed,
of sixth order in H :
P (6)z = β(T )HxHy(H
2
x − 3H
2
y)(3H
2
x −H
2
y) ∝ sin 6ϕ. (2)
The saw-tooth shape of the angular dependence of the
polarization at low temperatures (Fig. 2b) indicates con-
tributions of ME effects of yet higher orders.
Equations (1) and (2) imply that the electric polariza-
tion is proportional to the 4th or 6th power of the ap-
plied magnetic field, depending on the orientation of H.
Instead, at low temperatures we obseve a nearly linear
dependence of Pz for any field direction (see Fig. 3). Im-
portantly, phenomenological Eqs. (1) and (2) only hold
for weak magnetic fields, |µ0H | ≪ max(∆, kBT ), µ0 be-
ing the saturated magnetic moment of a Ho3+ ion (these
equations are obtained in Methods by expansion in pow-
ers of H). At low temperatures, their validity is limited
to fields . 1 T (see Fig. 1b). The saturation of the Ho
magnetic moment at higher magnetic fields gives rise to
higher-order harmonics in the observed angular depen-
dence of the electric polarization.
Counterintuitively, the onset of a more complex θ- and
ϕ-dependence correlates with the crossover to a linear
dependence of Pz on the magnitude of the magnetic field
(Fig. 3). In what follows we discuss theory behind this
unusual ME effect.
In the absence of inversion symmetry, the rare-earth
ions interact with the electric field, E, through an effec-
tive dipole moment operator, dˆ, which in the subspace of
the ground-state multiplet can be expressed in terms of
the quadrupole and higher-order magnetic multipole mo-
ments of the ions [36]. The spectrum of the low-energy
states depends then on both electric and magnetic fields,
which gives rise to a ME response of the rare-earth ions.
The description of the ME effect in Ho-langasite can be
simplified by projecting the Hamiltonian describing the
magnetoelectric behavior of the ground-state multiplet
on the subspace of the two states, |A〉 and |B〉, forming
the non-Kramers doublet (see Methods).
Alternatively, the Hamiltonian describing the ME cou-
pling of the non-Kramers doublet can be directly de-
duced from symmetry considerations. Within the unit
cell of Ho-langasite, there are three equivalent rare-earth
positions with local C2 symmetry axes along the Zˆi
(i = 1, 2, 3) directions related by 120◦-rotations around
the crystallographic c axis. At site 1, Zˆ1‖a, Yˆ1‖c (along
the C3-symmetry axis) and Xˆ1 = [Yˆ1 × Zˆ1]. In the local
coordinate frame, the ME Hamiltonian is,
Hˆme = −i (gXZEXHZ + gZXEZHX + gY ZEYHZ
+gZYEZHY )× (|A〉〈B| − |B〉〈A|) ,
(3)
3a b
FIG. 1. Crystal structure and magnetism in rare-earth langasite. a. The distorted Kagome lattice of the rare-earth
ions in R3Ga5SiO14. About 1.45% of the rare-earth sites (orange) are occupied by the holmium ions. The unit cell is shown by
thin solid lines. b. Experimental (symbols) and theoretical (solid lines) magnetization curves of HoxLa3−xGa5SiO14 (x = 0.043)
in external magnetic fields parallel to the c-axis at different temperatures as indicated. Solid lines - experiment, dashed lines -
model accounting for a ground Ho3+ quasidoublet and a Van-Vleck contribution of excited crystal-field states. The inset shows
the local magnetic moments of Ho-ions in the saturation regime.
(the index i = 1, 2, 3 labeling the rare-earth ion is omit-
ted for simplicity). Equation (3) is a general symmetry-
allowed expression provided one of the states forming the
doublet is even and another is odd under C2 = 2Zi , in
which case the magnetic moment of the doublet lies in
the XiYi plane and thus can have a nonzero component
along the crystallographic c axis. If both states would
transform in the same way under 2Zi , the magnetic mo-
ment would be parallel to the Zi axis and the magnetic
moments of all Ho ions would lie in the ab plane, in dis-
agreement with experiment.
The Y -component of the polarization (P‖c) measured
in our experiment, results from the third term in Eq. (3).
For EX = EZ = 0 and EY = Ec, the total effective
Hamiltonian in the subspace spanned by the |A〉 and |B〉
states is:
Hˆeff = −dYEcσx − ((µ ·H) + gY ZEcHZ)σy +
∆
2
σz , (4)
where (σx, σy , σz) are Pauli matrices, ∆ is the crystal
field splitting, µ = (µX , µY , 0) and dY are, respectively,
the (transitional) magnetic and electric dipole moments
of the Ho3+ ion. The form of Hˆeff is constrained by 2Z
and time-reversal symmetries of the Ho ions. In addition,
3c symmetry implies that the (real) coefficients, dY , µX ,
µY and gY Z are the same for all Ho-sublattices.
The free energy of the doublet, fi (i = 1, 2, 3), can
now be easily calculated and the magnetically-induced
electric polarization is given by
〈Pc〉 = −
nHo
3
3∑
i=1
(
∂fi
∂Ec
)
Ec=0
= gY Z
nHo
3
3∑
i=1
HZiMi,
(5)
where nHo is the density of Ho ions and Mi is related
to the average magnetic moment of the i-th Ho ion by
〈µi〉 = (µX , µY , 0)Mi and is given by
Mi =
tanhβǫi
ǫi
(µ ·Hi), (6)
where +ǫi and −ǫi are energies of the two states forming
the doublet, (µ ·Hi) = µXHXi +µYHYi and β = 1/kBT .
In zero applied electric field, ǫi =
√
(µ ·Hi)2 + (∆/2)2
(for details see the Methods section and Refs. [37–40]).
The resulting magnetic field-dependence of the electric
polarization (dashed lines in Figs. 2 and 3) is in good
agreement with experimental data.
Discussion: Figure 3 shows that the electric polariza-
tion is a linear function of the applied field strength in
the broad range of temperatures and external magnetic
fields. The region of linear effect agrees well with the
regime of saturated magnetic moments shown in Fig. 1b.
This can be understood by noting that Eq. (5) can be ob-
tained from the ME coupling, −gY ZEcHZiMi, on the i-th
Ho sublattice. At low temperatures, βǫi ≫ 1, Mi grows
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FIG. 2. Angular dependence of the static electric polarization along the c-axis a. Pc vs the polar angle θ between
the applied magnetic field, H, and the c-axis, for H rotated in the ac-plane at several temperatures. b. Pc vs the azimuthal
angle ϕ for H rotated in the ab-plane. The modulation with the 60◦ period is indicative of a high-order ME effect (see Eq. (2)).
Experimental data are shown with symbols, and dashed lines are calculated within the model described in the text.
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FIG. 3. Linear magnetoelectric effect in Ho-langasite. a. Electric polarization for fields in the ac-plane with θ = 45◦
(see also Fig. 2a). Solid lines are experimental data, dashed lines are results of theoretical calculations. b. Magnetic field
dependence of the electric polarization, Pc, for applied magnetic fields rotated in the ab plane through 15
◦ from the b∗-axis
(see also Fig. 2b).
with the applied magnetic field and approaches unity at
rather weak fields, |µ0H | ∼ ∆, above which the magnetic
moment saturates and the ME coupling becomes linear.
Importantly, the ME coupling Eq. (3) originates from
the admixture of higher-energy excited states from the
J = 8 multiplet to |A〉 and |B〉 in the presence of electric
and magnetic fields (see Methods). The linear ME effect
is a consequence of a relatively large energy separation,
W , of the non-Kramers doublet from the higher-energy
states: it is observed for ∆ ≪ |µ0H | ≪ W , when the
dipole magnetic moment of the doublet is saturated while
the admixture of higher-energy states remains small.
There is an additional ME coupling that results from
the matrix elements of the electric and magnetic dipole
operators between the |A〉 and |B〉 states in Eq. (4) and
does not involve high-energy excited states. This cou-
5pling, however, is proportional to second and higher pow-
ers of the electric field and does not contribute to the
magnetically-induced electric polarization measured in
zero applied electric field, which can be traced back to the
fact that the electric dipole is even and magnetic dipole
is odd under time reversal.
Next we explain how the linear dependence of Pc on
the magnetic field strength can be compatible with the
complex dependence on the direction of the field (see
Methods for more details). The six-fold periodicity of
the polarization with the azimuthal angle is related to
the presence of three rare-earth sublattices. Each sublat-
tice separately gives rise to oscillations with the period
of 180◦ (see Eq. (17)), since the Ising-like Ho magnetic
moment changes sign as the magnetic field rotates in the
ab-plane. Similar two-fold periodicity is observed in the
magnetoelectric Co4Nb2O9 with Heisenberg spins, where
the Ne´el vector describing an antiferromagnetic ordering
of Co spins rotates together with the magnetic field vec-
tor [41]. In addition, the ME effect in Ho-langasite is a
sum of the responses of the three kinds of Ho positions
with magnetic moments rotated through 120◦ around the
c axis, which gives rise to oscillations with the period of
60◦.
Conclusions: We have shown that the magnetic and
magnetoelectric properties of Ho-langasite may be un-
derstood taking into account the two lowest crystal-field
levels of Ho3+ and the interplay of the local and global
symmetries. Our theory reconciles a complex oscillating
dependence of the polarization on the magnetic field di-
rection with a linear dependence on its magnitude. The
electric polarization is enabled by the absence of inversion
symmetry at the local Ho positions. In weak magnetic
fields, when the Zeeman energy is small compared to the
energy splitting in the non-Kramers doublet, the polar-
ization is described by Eqs. (1,2) and is highly non-linear
in H . It becomes linear in the strong-field limit, when
the induced magnetic moment of Ho ions saturates, but
it remains a complicated function of the magnetic field
direction.
Importantly, the doping of non-centrosymmetric mate-
rials by magnetic rare-earth ions at low-symmetry posi-
tions provides a route to a linear ME response that does
not require special magnetic orders and crystal lattices,
as it occurs already in the paramagnetic state. Oscil-
latory dependence of magnetic and magnetoelectric re-
sponses on the direction of the applied magnetic field is
governed by crystal symmetry and is a generic property
of such systems.
Methods
Experimental
Single crystals of doped holmium langasite
HoxLa3−xGa5SiO14 were grown by the Czochral-
ski technique. For electric polarization a plane-parallel
plate with thickness d = 2.13mm and area A = 106mm2
has been cut with the flat surface perpendicular to the
c-axis (c-cut).
For the electric polarization experiments silver paste
electrodes were applied to two surfaces of the sample
parallel to the ab-plane. The polarization was measured
using an electrometer adapted to a Physical Property
Measuring System, with magnetic fields of up to 14T
and temperatures down to 2K. By changing the orien-
tation of the sample in the cryostat, the direction of the
magnetic field relative to the crystal axes was adjusted.
The magnetization was measured using a commercial Vi-
brating Sample Magnetometer with magnetic fields up to
6T. In these experiments, smaller samples from the same
batch were used.
Microscopic theory of ME effect in Ho-langasite
The symmetry of the rare-earth environment in lan-
gasites is described by the point group C2. This cyclic
group has two one-dimensional representations with re-
spect to the rotation through an angle π around the two-
fold symmetry axis (local Zi-axis): the symmetric, A,
and antisymmetric, B, representations. Ho3+ with an
even number of f -electrons is a non-Kramers ion. The
crystal field with C2 symmetry completely removes the
degeneracy of the ground 5I8 multiplet that splits into
2J + 1 = 17 singlets with the wave functions transform-
ing according to either A or B irreducible representations
of the C2 group.
In the absence of inversion, the rare-earth ions in-
teract with the electric field, E, through an effective
dipole moment operator, dˆ, which in the space of the
Ho3+ ground state multiplet can be expressed in terms
of the quadrupole and higher-order magnetic multipole
moments of the ions [36]:


dˆX = aXQˆXZ + bXQˆY Z ,
dˆY = aY QˆXZ + bY QˆY Z ,
dˆZ = aZQˆZZ + bZ(QˆXX − QˆY Y ) + cZQˆXY ,
(7)
where Qˆαβ =
1
2 [JˆαJˆβ + Jˆβ Jˆα −
2
3J(J + 1)δαβ ] is the
quadrupole moment operator, Jˆ = (JˆX , JˆY , JˆZ) be-
ing the total angular momentum operator of the Ho3+
lowest-energy multiplet, a, b and c are phenomenologi-
cal constants and the higher-order multipoles are omit-
ted. Equation (7) is written in the local coordinate frame,
6(Xi, Yi, Zi), and the index i = 1, 2, 3 labeling the rare-
earth ion is omitted for simplicity. The phases of the
wave functions forming the ground-state multiplet can be
chosen in such a way that the matrix elements of the elec-
tric dipole (even under time-reversal) are real, whereas
the matrix elements of the magnetic dipole (odd under
time-reversal) are all imaginary.
The ground state of the Ho3+ ion in the crystal field po-
tential, Vcf , is a quasi-doublet (two close-by singlets with
the gap ∆ ∼ 2 cm−1) which are separated by the energy
W ∼ 30 − 50 cm−1 from the excited crystal-field states.
The wave functions, |A〉 and |B〉, of the quasi-doublet
can belong either to the same or to different representa-
tions. As discussed in the main text, the c-component of
the magnetization measured in the experiment is nonzero
only in the latter case.
The response of Ho3+ ions to the applied electric and
magnetic fields is described by Vˆ = −dˆ · E + µBgLJˆ ·
H, where the first term describes the coupling of the
effective dipole operator Eq. (7) to the electric field and
the second term is the Zeeman coupling, µB and gL = 5/4
being, respectively, the Bohr magneton and the Lande
factor. To describe the magnetoelectric response of the
Ho-langasite, we project the total Hamiltonian, Hˆ = Vˆ +
Vˆcf , on the quasi-doublet subspace:
〈i|Hˆ |j〉 = 12 (−1)
i∆δij + 〈i|Vˆ |j〉 −
−
∑
k 6=1,2
〈i|Vˆ |k〉〈k|Vˆ |j〉/Wk , (8)
where i, j = 1, 2 label the states of the non-Kramers
doublet, |A〉 and |B〉 and the effect of the higher-energy
states from the 5I8 multiplet (k = 3, 4, . . . , 17) is treated
in the second order of perturbation theory assuming
|〈k|Vˆ |i〉| ≪ W , and Wk = Ek −
(E1+E2)
2 . We note that
this approach can also be used to analyze the rare-earth
contribution to magneto-elastic and optical properties.
The matrix elements of Vˆ in the quasi-doublet sub-
space are constrained by C2 symmetry (cf. Eq. (4)):
(
V11 V12
V21 V22
)
= −d0EZiI− dZEZiσz−d·Eiσx−µ·Hiσy,
(9)
where I is the 2×2 identity matrix, d·Ei = 〈A|dˆ·Ei|B〉 =
dXEXi + dY EYi and µ ·Hi = −iµBgJ〈A|Jˆ ·Hi|B〉 =
µXHXi + µYHYi . Due to the 3c symmetry of the lan-
gasite crystal, the real coefficients d0, dX ,µX , etc are the
same for all Ho sites, i.e. are independent of i. The
phases of the wavefunctions |A〉 and |B〉 are chosen such
that the matrix elements of the time-even electric dipole
operator involve real matrices, I and σx, whereas the
time-odd magnetic dipole operator is proportional to σy
with imaginary matrix elements.
In the last term of Eq. (8) we only leave the off-diagonal
parts proportional to the product of the matrix elements
of dˆ ·E and µBgLJˆ ·H giving rise to the magnetoelectric
coupling,
Hˆme =(gXZEXiHZi + gZXEZiHXi + gY ZEYiHZi+
+gZYEZiHYi)σy,
(10)
(cf. Eq. (3)). Here, the coefficients gXY , gYX , etc. are
real numbers. This interaction is invariant under C2 and
time-reversal symmetries, and since it involves both the
electric and magnetic dipole operators, the matrix ele-
ments of Hˆme in the quasi-doublet subspace are imagi-
nary.
Adding all contributions to the effective two-level
Hamiltonian and assuming EXi = EZi = 0 and EYi = Ec
(i = 1, 2, 3), we obtain Eq. (4). The energies of the states
forming the non-Kramers doublet at the i-th Ho3+ site,
obtained by diagonalization of the Hamiltonian Eq. (4),
equal ±ǫi, where
ǫi =
√
(dY Ec)2 + (µ ·Hi + gY ZEcHZi)
2 + (∆/2)2.
(11)
The free energy is then given by
f = − 13nHokBT
3∑
i=1
ln
(
2 cosh
ǫi
kBT
)
, (12)
where nHo is the density of Ho ions and kB is the Boltz-
mann constant. The average magnetic moment measured
at zero applied electric field is
M =− (∂f/∂H)Ec=0
=13nHoµ
2
0
3∑
i=1
mi(mi ·H)
tanh (βǫi)
ǫi
,
(13)
where β = 1
kBT
, µ0 is the magnetic moment of the non-
Kramers doublet and mi is a unit vector defined by
µXXˆi + µY Yˆi = µ0mi, i = 1, 2, 3. (14)
The relation between the unit vectors in the hexagonal,
Cartesian and the three local frames (see Fig. 1a) is:


Zˆ1 = aˆ = xˆ,
Xˆ1 = bˆ
∗ = yˆ,
Yˆ1 = cˆ = zˆ.
(15)
On all three sites Yˆi = (0, 0, 1) in the Cartesian coordi-
nates, Zˆ2,3 = (−
1
2 ,±
√
3
2 , 0) and Xˆ2,3 = (∓
√
3
2 ,−
1
2 , 0).
The c-component of the electric polarization measured
in our experiment is given by
Pc =− (∂f/∂Ec)Ec=0
= 13nHogY Zµ0
3∑
i=1
HZi(mi ·H)
tanh (βǫi)
ǫi
,
(16)
7Note that since the electric polarization is measured at
zero applied electric field, dY that enters into the expres-
sion for the energy levels Eq. (11), drops out from the ex-
pression for Pc, in which ǫi =
√
(µ ·Hi)2 + (∆/2)2. The
energy splitting in the non-Kramers doublet by both elec-
tric and magnetic fields (see Eqs. (9) and (11)) does not
result in the magnetoelectric coupling linear in electric
field, because the electric and magnetic dipoles trans-
form with opposite signs under time reversal. The ob-
served magnetoelectric effect originates solely from the
admixture of higher-energy states in applied electric and
magnetic fields (the last term in Eq. (8)). In addition,
Ho ions carry a “built-in” electric dipole moment along
the local Zi axis in the ab plane, which results from the
first term in Eq. (9) and is independent of the magnetic
field. These electric dipoles on three Ho sites are rotated
through 120◦ around the c axis with respect to each other
and give no net contribution to the electric polarization.
In the limit of strong fields and low temperatures, |µ ·
Hi| ≫ ∆, kBT , when the magnetic moment saturates,
the electric polarization,
Pc =
1
3nHogY Z
3∑
i=1
HZisign(µ ·Hi), (17)
shows a complex saw-tooth dependence on the direction
of the magnetic field in the ab plane (due to the sign-
functions) and, at the same time, a simple linear depen-
dence on the strength of the magnetic field, in agreement
with our experimental observations.
In the opposite limit of weak fields and high tempera-
tures, kBT ≫ |µ0H |,∆,
Pc ≈
nHogY Zµ
3
0H
4
4(kBT )3
sin γ cos2 γ cos θ sin3 θ cos 3ϕ, (18)
where H is the magnitude of the magnetic field and
γ = arccos(µY /µ0), which agrees with Eq. (1) obtained
by symmetry and gives α(T ) ∝ T−3. At zero tempera-
ture, (kBT )
3 in Eq. (18) is replaced by ∆3/12. For mag-
netic field applied in the ab plane, the electric polariza-
tion at high temperatures,
Pc ≈
nHogY Zµ
5
0H
6
240(kBT )5
cos5 γ sin6 θ sin (6ϕ) , (19)
is proportional to H6 and oscillates 6 times as ϕ varies
by 2π, in agreement with Eq. (2) (β(T ) ∝ T−5). At zero
temperature, (kBT )
5 → ∆5/90.
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